The possibility that "tube waves" can be trapped on slender solar magnetic flux tubes is investigated. For rigid isothermal flux tubes, we find that the flux tube geometry can by itself lead to waves which are trapped on the part of the tube that expands with height. Some geometries lead to trapped modes with eigenperiods near 180 s, if parameters appropriate to sunspot umbrae are chosen. It is possible that the umbra! oscillations are a manifestation of such trapped waves, if sunspot umbrae consist of an assembly of slender flux tubes, as in the spaghetti model of Parker. For flux tubes which have a constant ratio of Alfvén speed to sound speed, we find that it is primarily the variation of temperature with height which determines whether trapped waves can exist. Certain temperature profiles lead to disturbances for which a* 2 < 0, corresponding to convective instability or RayleighTaylor instability.
I. INTRODUCTION
The discovery that the magnetic field of the quiet photosphere is made up of intense flux tubes (see reviews by Harvey 1977; Parker 1979a; Spruit 1981; Stenflo 1976) has stimulated a number of reexaminations of the physics of wave propagation in the solar atmosphere. For example, Hollweg (1978 Hollweg ( ,1981 has considered the propagation of axisymmetric twists on axisymmetric vertical flux tubes, and has found that the " dumpiness " of the photospheric field can modify the propagation characteristics of the resultant Alfvén waves, and their ability to carry energy to the chromosphere and corona. Alfvén waves are particularly amenable to analysis, however, because they are noncompressive and thus not coupled to the gravitational field.
The compressive MHD modes in a gravitational field are considerably more difficult to deal with, especially when the atmosphere and magnetic field are highly structured in virtue of the presence of the flux tubes. It has therefore proved convenient to analyze the compressive modes on flux tubes in the "slender flux tube approximation." In its simplest form, this approximation assumes the magnetic field to be confined to an axisymmetric vertical flux tube which is embedded in a field-free atmosphere, while the ratio of the flux tube radius to the wavelength of the wave (along the flux tube) is assumed to be vanishingly small.
The slender flux tube approximation has been applied particularly to the analysis of the axisymmetric compressive mode propagating along the flux tube (Defouw 1976; Roberts and Webb 1978,1979; Roberts 1980; Spruit 1980a; Spruit and Zweibel 1979; Webb and Roberts 1978) . The fluid motion in this mode is primarily longitudinal, although the (vanishingly small) cross sectional area of the flux tube is implicitly allowed to expand (or contract) in response to time-dependent pressure enhancements (rarefactions) inside the tube. (In the limit that the flux tube becomes rigid, this mode is simply a vertically propagating acoustic-gravity mode which is guided along the tube.) This mode will be the subject of the present paper; for convenience, we will follow Roberts and Webb (1978) and refer to the mode as a " tube wave."
In this paper we investigate the possibility that tube waves can have eigenmodes which are " trapped " inside some height range of the solar atmosphere, much in the same way as the solar 5 minute oscillations are now regarded as being trapped subphotospheric acoustic eigenmodes (see, for example, the descriptive review by Leibacher 1977) . The essential point which motivates our discussion is that the equation for harmonic tube waves can be transformed to a Schrôdinger equation, with a " potential " which is determined by the variations of temperature and magnetic field strength with height inside the flux tube. In general, the potential can have a global minimum, or local minima, which allow the existence of bound state eigenmode solutions to the Schrôdinger equation; these are the trapped tube waves. We shall study a number of examples for which the Schrôdinger equation can be solved exactly, and the properties of the trapped waves determined. Specifically, we have been able to obtain solutions by invoking either of two approximations.
The first approximation assumes that the magnetic field is so strong that the flux tube is rigid, i.e., the cross sectional area of the flux tube does not change in response to the compressions and rarefactions associated with the tube wave; formally, this approximation requires v A 2 /c 0 BOUND OSCILLATIONS 399 variation of the cross sectional area of the flux tube, and certain cross sectional areas lead naturally to bound states. Our demonstration that the cross sectional area of the flux tube is by itself able to lead to bound states is one of the principal conclusions of this paper. It may be particularly relevant in view of a growing realization that solar magnetic flux tubes may exhibit a variety of morphologies (e.g., Giovanelli 1981 ). An interesting example, which we will discuss in detail below, is where the flux tube has the same shape as magnetic field lines near the axis of a magnetic dipole. In that case the resultant Schrôdinger equation is identical to the equation for the radial part of the hydrogen atom wave function. The resultant bound states are characterized by periods close to 180 s, if T 0 = 4000 K and y = f ; we suggest that such eigenmodes may be related to the umbral oscillations. The second approximation which permits detailed analysis of the Schrôdinger equation for tube waves assumes that v a 2 / c q 2 is constant with height inside the flux tube. It is easily shown (e.g., Defouw 1976 ) that this situation can pertain when the flux tube is in pressure equilibrium with its surroundings and the temperatures internal and external to the tube are equal. In this case, however, v A 2 /c 0 2 need not be large, and temporal fluctuations of the tube cross sectional area can occur. Moreover, the temperature in this case need not be constant with height. This allows us to examine the convective instability of tube waves in atmospheres in which the temperature decreases with increasing height. (Specifically, we describe instability in terms of bound state solutions to the Schrôdinger equation for which oe 2 < 0, where a> is an eigenfrequency.) We have been able to use this procedure to investigate the instability of a variety of temperature profiles. For the linear temperature profile we recover in a more straightforward way the results of Webb and Roberts (1978) ; however, we will show that a slightly modified criterion for instability results if it is required that the total energy in the eigenmode be bounded, instead of requiring, as did Webb and Roberts, that the velocity fluctuation satisfy certain boundary conditions at two heights in the atmosphere. In addition, we will consider exponential and parabolic temperature profiles. Both of these profiles lead to instability as long as the temperature decreases with increasing height, but these temperature profiles are unphysical in that they imply that there are regions of the atmosphere where the density increases with increasing height; the instabilities found for these profiles are therefore akin to the Rayleigh-Taylor instability.
Before proceeding, we note that magnetic flux tubes can support a variety of modes, in addition to the tube waves. These other modes have been investigated by a number of authors (Spruit 1980a, fr; Wentzel 1979; Roberts 1981 ; Wilson 1979) , but they will not be considered here.
II. THE SCHRÖDINGER EQUATION
The basic equation for small-amplitude tube waves propagating without dissipation on a slender flux tube is given by Webb and Roberts (1978) in the canonical Sturm-Liouville form:
where In these equations z is height in the atmosphere, p 0 is the background mass density, p 0 is the background thermal pressure, B 0 is the background magnetic field strength in the tube, g is the gravitational acceleration (assumed constant), and y is the ratio of specific heats (also assumed constant and in the range 1 < y < f ). The quantity N 0 is recognized to be the Brunt-Väisälä frequency, c 0 the speed of sound, v A the Alfvén speed, and c T the tube wave speed. Equation (1) governs the behavior of the vertical velocity in the flux tube, which has been assumed to obey
It has also been assumed that the background atmosphere is in hydrostatic equilibrium inside the flux tube, so that
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We refer the reader to Roberts and Webb (1978) and Webb and Roberts (1978) for a detailed discussion of the derivation of equation (1).
Some mention should be made of the fact that external pressure disturbances have been ignored in deriving equation (1). This has been fully justified for theco = /cc r limi t of equation (1), with gf = 0 (see Roberts and Webb 1979 and Roberts 1981) . The case 0 ^ 0 is much more involved, but it has been considered by Webb (1980) . Neglect of external pressure perturbations has been shown to be valid for disturbances that are laterally evanescent in the tube exterior.
Equation (1) is readily transformed to a Schrôdinger equation (e.g., Morse and Feshbach 1953, p. 739) . We make the substitutions w dz C T (z) ' 1 y dí and equation (1) becomes
Equation (6) is recognized to be the Schrôdinger equation for the wave function i/^in a potential F(£), where i has the dimension of time. Equation (5) may be simplified by assuming v A 2 /c 0 2 > 1, which is equivalent to assuming that the flux tube is rigid ; in that case c 0 /c T ^ 1. If it is further assumed that the atmosphere is isothermal, so that c 0 = constant, equation (5) In this case i = z/cq and d In p 0 /d^ = constant. Equation (5) can also be simplified if it is assumed that c 0 2 /v A 2 = constant. In that case c 0 2 /c T 2 == constant also. Equation (5) then becomes Equation (8) makes no assumption about the temperature structure of the flux tube.
In the subsequent sections of this paper we will consider some sample solutions to the Schrödinger equation for the approximate potentials given by equations (7) and (8).
III. THE RIGID FLUX TUBE IN AN ISOTHERMAL ATMOSPHERE a) Exponential Magnetic Field If
B 0 cc exp (-at) = exp {^-j >
so that the cross sectional area of the flux tube varies exponentially with height, equation (7) becomes
where we have defined d In p 0 /d£ = -yg/c 0 = -1/A 0 (note that A 0 has the dimension of" time," and is not be confused with the scale height of the atmosphere).
Since both co 2 and L are constant, equation (6) can be solved immediately to give \¡/ oc e lQ t,
with
Propagating solutions result when oe 2 > V, while evanescent solutions result when oe 2 < V. It is instructive in this regard to consider the behavior of L as a function of a, with A 0 and y held fixed. The potential V decreases with increasing a for small or negative values of a, while V increases with increasing a for large values of a. The minimum value for V is occurring when
It can then be concluded that field lines which expand by a moderate amount (i.e., with a ^ a min ) are more conducive to wave propagation, and less conducive to evanescence, than field lines which either contract or expand very slightly, or which expand very rapidly with height. The above discussion suggests the following: Suppose that the expansion of a flux tube, as measured by d In B 0 /dz, is variable along the length of the flux tube. It can then be expected that there will be regions along the flux tube which are more conducive to wave propagation than other regions. It may then be possible for waves to become "trapped" in certain regions of the flux tube. This is of course tantamount to there being minima of F(^), as discussed in the Introduction. Examples of such cases will be discussed below. 
Note that N 0 is the Brunt-Väisälä frequency in an isothermal atmosphere. The potential in this case has a minimum at ^ = (^0, and increases parabolically elsewhere, in virtue of the extremely rapid divergence of the flux tube cross sectional area implied by equation (15). The potential given by equation (16) is recognized to be the potential for a harmonic oscillator. The solution to equation (6) can therefore be immediately identified as the solution to the standard quantum-mechanical harmonic oscillator (e.g., Morse and Feshbach 1953, pp. 1640 et seq.) . We obtain
and co 2 = iV 0 2 + 2m 2 .
Here H n is a Hermite polynomial and n = 0, 1, 2,... . Equation (19) represents bound states, i.e., trapped oscillations, which are symmetric or antisymmetric about ¿ = ^0-The oscillations are trapped in virtue of the rapid flaring of the magnetic field lines implied by (15). This behavior is in accord with the qualitative discussion given in § Ilia. It should be noted that y < 2 and A 0 > 0, and thus > 0. The energy of the oscillations (see below) therefore tends to be localized above the throat of the flux tube. This result is also in accord with § Ilia, where it was found that moderate expansion of the flux tube with height is most conducive to propagating solutions. HOLLWEG AND ROBERTS Vol. 250
It should be noted that the solution (19) has been obtained subject to the requirement that \ji be quadratically integrable, i.e., that j 11// | 2 <:/c does not diverge. Now we obtain from equation (4) J I iA \ 2 dÇ oc J p 0 \v\ 2 A(z)dz , where A(z) is the cross sectional area of the flux tube. The requirement of quadratic integrability of ij/ therefore ensures that the total kinetic energy in the oscillation is bounded. Note too that equation (15) implies that the cross sectional area of the flux tube expands extremely rapidly both above and below the flux tube throat. Solar magnetic field lines are not expected to behave in this fashion; and even if they did, the rapid flaring of the field lines would eventually violate the slender flux tube approximation and the assumption that v a 2 / c o 2 > 1-It is therefore unlikely that the discussion of this subsection has global applicability to solar magnetic flux tubes. However, it should be noted that Giovanelli (1981) has reported observational evidence that solar flux tubes may in fact expand very rapidly in the upper photosphere. Thus even though it may be impossible to apply the results of this subsection to the entire length of the solar flux tube, it may nonetheless be possible to make the qualitative conclusion that rapid expansion in the photosphere may lead to trapped oscillations somewhere below the region of rapid expansion. 
For example, a monopolar magnetic field has 1=1, while / = | on the axis of a vertically oriented magnetic dipole. In this case equation (7) becomes
where a min is defined by (14). The potential is singular at £ = 0, in virtue of the singular behavior of B 0 there. The potential has no local minimum for £ < 0, and thus no bound states are possible there ; the region £ < 0 will not be discussed further. For (^ > 0, the potential does have a local minimum, and bound states are possible. In fact, equation (22) is identical to the potential appearing in the equation for the radial part of the hydrogen atom wave function. The corresponding Schrôdinger equation in this case therefore allows the existence of both bound and free states. The bound state solutions to equation (6) are (e.g., Morse and Feshbach 1953, pp. 1663 et seq.) if/ f-JZ £ ,+ 1 exp (-la min £,/2n)L"-l -l 2,+ l (la min Ç/n), 
(The eigenfunctions in this case have been constructed to ensure that \jj is finite at ^ ^ 0 and <!; -► oo. This also ensures that the wave function is quadratically integrable so that the total kinetic energy of the oscillation is bounded.) The bound state eigenfrequencies are therefore in the range
If co 2 > 1/(4A 0 2 ), no bound states are possible. Solutions to the Schrôdinger equation in this case correspond to freely propagating waves. We will not discuss these solutions here, but instead refer the reader to standard textbook treatments of the hydrogen atom wave function (e.g., Morse and Feshbach 1953, p. 1665) .
We have thus found another example illustrating our general point that the geometry of a magnetic flux tube can lead to trapped waves in that portion of a flux tube which expands with height. This example is particularly interesting, because it includes certain multipole potential field configurations, such as the magnetic dipole. It is tempting to speculate that solar magnetic flux tubes may under some circumstances exist in such configurations. For example, it is not unreasonable to suppose that the solar magnetic fields can be primarily the result of subphotospheric currents, which lead to multipole potential fields at higher levels. Recent observations of rapidly flaring field lines by Giovanelli (1981) are qualitatively consistent with this point of view.
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Sunspots too may conceivably consist of magnetic fields which are generated by subphotospheric currents, and which are potential at higher layers. In that case it may be possible to identify the trapped waves which are predicted in this paper with the observed umbral oscillations, particularly if the umbral magnetic field consists of an assembly of slender flux tubes, which expand with height, as in the " spaghetti model " of Parker (1979a, b ; see also review by Spruit 1980c) . In this regard, we note that the period of the lowest frequency eigenmode, determined from equation (25) if / = |. For a sunspot temperature of 4000 K, an atmosphere with a molecular weight of 1.3, and y = |, we obtain T m ax= 181.76 s . Similarly, the period of the highest frequency trapped eigenmode is which for the same conditions is *min = 47TCo/ra , These predicted periods for trapped waves correspond very well to the observed dominant period of the umbral oscillations, and it is tempting to speculate that the umbral oscillations are in fact tube waves which are trapped in virtue of the height variation of the cross sectional area of the flux tube. Such an interpretation must be made with caution, however, because the analysis of this subsection is probably too schematic to be applied to real sunspots. (Even though sunspot magnetic fields are strong, the rigid flux tube approximation is only a lowest order approximation at best. Magnetic flux tubes in sunspots are probably not isothermal. It is not clear whether sunspots consist of isolated flux tubes, to which the slender flux tube approximation can be applied. And, finally, it is not clear whether the slender flux tubes, if they exist, obey the functional relation [21] ). In addition, we note that the range of periods for the trapped waves is very narrow. This implies that the " potential well " is not very deep, and that the trapped waves might be excited only under special circumstances. We will discuss these points in more detail in § V of this paper.
d) Field Expansion Followed by a Uniform Field
A commonly held view of the solar magnetic field is that the solar magnetic flux tubes expand with height in the low solar atmosphere, but that the fields from neighboring flux tubes eventually interact with one another at greater heights, resulting in a field which is more or less uniform at greater heights (e.g., Gabriel 1976 ). An expression for the magnetic field which mimics this behavior is B 0 oc exp (e~a^).
If > 1, then B 0 is nearly constant, while at lower levels the field strength increases with increasing depth into the atmosphere. In this case equation (7) becomes
This potential is recognized as having the same form as the Morse potential. It has a local minimum only if a < a min , and bound states are possible only in that case. (We will find shortly that there is a stronger restriction on the existence of bound states, however.) Solutions to the Schrôdinger equation with a Morse potential can be found in pages 1671-1672 of Morse and Feshbach (1953) . We obtain ^Ki al2 e-« 2 L n %),
where Ç = e~a i , a = a min /a -2(n + 1), n = 0,1, 2,... (t^ has been constructed to be zero at £ = -oo and ¿ = + oo). The solution exists only when a >0, and thus we require a < amin/2 • In addition, n is restricted to those integers for which a > 0; unlike the examples considered previously, there is only a finite number of bound states in this example. The eigenfrequencies in this case are
Equation (29) will again yield periods in the vicinity of 180 s for the sunspot parameters discussed in the previous subsection, if the conditions for the existence of bound states are satisfied. This example thus demonstrates that trapped waves can exist on flux tubes which exhibit the qualitative behavior expected for some solar flux tubes. HOLLWEG AND ROBERTS Vol. 250
This completes our discussion of the rigid isothermal flux tube. We have confined our attention to analytically soluble cases, and it is not clear whether these cases bear any resemblance to real solar flux tubes. However, the fact that we have found several examples of flux tube geometries which lead to bound states for the tube suggests that trapped waves may indeed exist on the Sun. Umbral oscillations may be one observational manifestation of such trapped waves.
IV. FLUX TUBES WITH C 0 2 /v^2 = CONSTANT a) Linear Temperature Profile This example has already been discussed by Roberts and Webb (1978) , Spruit and Zweibel (1979) , Unno and Ando (1979) , and Webb and Roberts (1978) where s 2 has been given by Webb and Roberts (1978) . In our notation (34)
If s 2 > the potential is positive and monotonically decreasing with increasing Z \ no bound states are possible in this case.
If s 2 < equation (6) becomes the radial Schrödinger equation for a hydrogen-like atom which is bound by an inverse-cube central force. This situation is discussed by Morse and Feshbach (1953 , pp. 1665 -1667 . The bound states in this case all have co 2 < 0, which corresponds to convectively unstable states. Morse and Feshbach show that if ij/ is to be finite at £ = 0 and ^ = oo, then bound states can exist only when s 2 < 0. In that case any negative value of co 2 gives a suitable solution, and the eigenmodes are not discrete. This condition for instability, i.e., s 2 < 0, has been given by Webb and Roberts (1978) .
However, Morse and Feshbach point out that if the condition on ij/ is that { | ij/ \ 2 dZ be finite, then bound states can exist if s 2 <i.
(In this case, too, any negative value of co 2 gives a suitable solution, and the eigenmodes are not discrete.) Now from equations (3) and (4) we see that
and thus the requirement that 1| 2 be quadratically integrable in ¿-space is equivalent to the requirement that the kinetic energy of the oscillation be finite. The requirement that the kinetic energy be finite may under some circumstances be a more physically plausible requirement than the requirement that 0 be bounded, and we suggest that equation (36) should then replace the instability criterion given by Webb and Roberts (1978) .
Of course, other boundary conditions can be invoked. In general, the nature of the boundary conditions can affect the instability criterion substantially (cf. Spruit and Zweibel 1979 ; Unno and Ando 1979 ). We will not consider this question further, however.
No. 1, 1981 BOUND OSCILLATIONS 405
If the background temperature is we obtain b) Parabolic Temperature Profile
where a = (yR) 1,2 (c T /c 0 )b. (Note that eq.
[3] implies that dÇ/dz = l/c T > 0. Thus if a > 0 we are restricted to that part of the temperature profile for which dT 0 /dz > 0, while if a < 0 we are restricted to that part of the temperature profile for which dT 0 /dz < 0.) From the condition that the background atmosphere be in hydrostatic equilibrium, we obtain then and d In p 0 ~nr Hi)
The potential as given by equation (8) is then
Equation (42) is recognized as being in the form of the Morse potential. If a > 0, the potential decreases monotonically with increasing ^ and no bound states are possible; we will not consider this case further. On the other hand, if a < 0, the potential posseses a local minimum, and bound states are possible. From pages 1671-1673 of Morse and Feshbach (1953) 
The eigenmodes are stable if 0 < a < 1, and unstable if a > 1. It can easily be proven that the n = 0 eigenmode always has a > 1, and thus instability always results if a < 0 and dT 0 /dz < 0. Unlike the linear temperature profile discussed in the preceding subsection, the parabolic temperature profile is always unstable. The reason for this is implicit in equation (41), where we see that a < 0 always results in there being a part of the atmosphere in which the density increases with increasing height. The instability in this case is therefore akin to the Rayleigh-Taylor instability. Since density inversions are not expected in the solar atmosphere, this problem is primarily of academic interest.
c) Exponential Temperature Profile The final example which will be considered is the case where 
Note that d In p 0 /dz can be positive for small values of ç il'/i is positive, i.e., if the temperature decreases with increasing height. We therefore expect that ß > 0 should lead to an instability which is akin to the Rayleigh-Taylor instability, such as was found in the preceding subsection.
The potential for this case is found from equation (8 
Note that F has a deep " well " near ^ 0, and rises rapidly as oo. We therefore expect to find an infinite number of eigenmodes with both positive and negative values of co 2 . The eigenmodes in this case can be found from the discussion on page 1671 of Morse and Feshbach (1953) . We obtain 
If /? < 0, i.e., if the temperature of the atmosphere increases with height, we see that co 2 > 0 and all eigenmodes are stable. On the other hand, if ß > 0, so that temperature decreases with increasing height, oe 2 can take on both positive and negative values, depending on the value of n. In particular, if can easily be proven that co 2 < 0 if n = 0 and ß >0. Thus there is always at least one unstable eigenmode in an atmosphere whose temperature decreases exponentially with increasing height. This conclusion is of course in accord with the qualitative discussion which followed equation (48). Since density inversions are not expected in the solar atmosphere, this problem is again primarily of academic interest.
v. DISCUSSION The purpose of this paper has been to show that slow mode compressional motions on solar flux tubes (" tube waves ") can be trapped in certain parts of the flux tube where the cross sectional area of the flux tube expands moderately with height. These trapped waves are analogous to the subphotospheric trapped acoustic waves which have been identified as the solar 5 minute oscillations. We have explicitly demonstrated that the behavior of the cross sectional area can by itself lead to trapped waves, by considering isothermal rigid flux tubes in which the tube geometry guides the waves but does not vary in response to the compressions and rarefactions associated with the waves themselves. We have also shown that the cross sectional area of a flux tube can lead to bound states on tubes which are in pressure equilibrium with their surroundings, but in this case the temperature structure of the flux tube also plays a role, since the requirement of pressure balance inextricably ties the temperature and cross sectional area variations together.
We have chosen to demonstrate the possible existence of trapped waves analytically, and thus we have been forced to make a number of simplifying assumptions. The most important of these are: (i) The waves propagate according to the slender flux tube approximation, (ii) Either v A 2 /c 0 2 1, so that the flux tube is rigid, or v A 2 /c 0 2 = constant, so that the flux tube is in pressure balance with its surroundings and has the same temperature as its surroundings, (iii) In the rigid flux tube approximation, we have been constrained to consider only isothermal flux tubes, and only flux tubes which have simple cross sectional area variations (exponential, Gaussian, power-law, and exp ( -a£)]). (iv) In the approximation that v a 2 /c 0 2 = constant, we have been constrained to consider only simple temperature variations (linear, parabolic, and exponential). These approximations mitigate the direct applicability of our results to the Sun, but we feel nonetheless that we have demonstrated that trapped tube waves may be a genuine possibility on real solar flux tubes.
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We suggest that umbral oscillations may be a manifestation of tube waves which are trapped in virtue of the expansion with height of slender flux tubes in sunspots, as in the spaghetti model of Parker (1979a, b) . We have only been able to analyze this problem for the isothermal rigid flux tube, but we have found that reasonable dependences of the cross sectional area could lead to trapped waves with periods close to 180 s. This corresponds well to the observed period of the sunspot oscillations.
In our interpretation, umbral oscillations are trapped slow mode waves ; i.e., they are essentially acoustic-gravity waves which are guided by the (strong) magnetic field. The motions in the rigid flux tube limit are purely parallel to the magnetic field, but some transverse motions would occur if the tube were not perfectly rigid. This is to be contrasted with the theory for umbral oscillations proposed recently by Scheuer and Thomas (1981) . These authors suggest that the umbral oscillations are trapped fast waves. The trapping occurs because the fast wave is reflected off the chromospheric layers where v A is a rapidly increasing function of height, and is reflected also off the subphotospheric layers where c 0 increases with depth (see also Fig. 2 of Spruit 1980c) .
It may be possible to distinguish between these two proposals by observing the polarization of the velocity vector in the umbral oscillations. In the tube wave model of this paper, the velocity is primarily vertical, in contrast to the fast mode model of Scheuer and Thomas, where the velocity should have a significant horizontal component. To our knowledge, no such observational test has been made.
In addition, it should be noted that fast waves can propagate across B 0 , and thus one might expect to observe cross-field propagation of the umbral oscillations if the suggestion of Scheuer and Thomas is correct. In the tube wave model of this paper, however, there is no cross-field propagation. In this regard, it should be noted that Giovanelli (1972) has remarked that he did not observe any horizontal propagation of umbral oscillations, which would seem to argue against the fast wave model. Further observational investigations of this point seem warranted.
On the other hand, Giovanelli, Harvey, and Livingston (1978) report observations indicating that the umbral oscillations may actually be propagating upward in the chromosphere. This of course argues against any model in which the umbral oscillations are regarded as purely trapped waves. It may, however, be possible to argue that the oscillations are basically trapped waves, which leak out of the trapping region via tunneling. In this regard, we note that a more realistic model of the umbral atmosphere might conceivably allow tunneling of the tube waves since, as we have seen, the potential well for these waves is not very deep. On the other hand tunneling is probably very difficult for fast waves in the umbral atmosphere, since v A is a very rapidly increasing function of height above the umbral photosphere (e.g., Fig. 2 
of Spruit 1980c).
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